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Continuous-variable teleportation of single-photon states
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The properties of continuous-variable teleportation of single-photon states are investigated. The output state
is different from the input state due to the nonmaximal entanglement in the Einstein-Podolsky-Rosen beams.
The photon statistics of the teleportation output are determined and the correlation between the field informa-
tion B obtained in the teleportation process and the change in photon number is discussed. The results of the
output photon statistics are applied to the transmission of a qubit encoded in the polarization of a single photon.
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I. INTRODUCTION ©
|a)r = Vl_QZHZO a"[n)rIn)g . 1)

Quantum teleportation is a method for Ali¢sendey to
transmit an unknown quantum input state to Bokceivej )
at a distant place by sending only classical information usingvhereR,B are the modes for reference and Bofis a pa-

a shared entangled state as a resource. Originally quantuf@meter that stands for the degree of entanglement. It varies
teleportation was proposed for discrete variables in twoffom zero to one, with one being maximal entanglement and
dimensional Hilbert spacd4]. Later, it was applied to con- Z€ro being no entanglement. The degree of entanglement de-
tinuous variablestwo components of the electromagnetic Pends on the squeezing achieved in the parametric amplifi-
field) in infinite-dimensional Hilbert space®]. However, cation. In the experiment di], 3dB (q=0.33) squeezed
continuous-variable teleportation ideally requires a maxilight was used. Squeezing of up tod® (q=0.82) should
mally entangled state that has infinite energy as a resourcB€ possible with the available technology.

Nevertheless, it has been shown theoretically that quantum Alice mixes her input state with the reference EPR beam
teleportation realized by using a nonmaximally entangled®y @ 50% beam splitter and performs an entanglement mea-
state may still transfer nonclassical features of quantungurement of the complex field valy@=x_+iy ., where
states[3]. Experimentally, such a continuous-variable tele-

portation has been realized by Furusaatal.[4]. In[3], the X_=Xpa—Xg,

physics of continuous-variable teleportation was described in

terms of the Wigner function. Referengg| described it in ~

terms of discrete basis states. Referef@leformulates the Y+=YatYr- @
whole process of the quantum teleportation by a transfer op- _ _
erator that is acting on arbitrary input states. This measurement projectsandR onto the eigenstate

In the experiment of4], a coherent state was used as an
input state. But any quantum state may be teleported by this
method. Therefore, the transfer of nonclassical states is of |BYar=
interest. In the following, the transfer operator formalism de-
rived in [6] is used for analyzing the photon statistics of the
output state of a one-photon-state teleportation. It is shown
that the change in photon number is strongly dependent on

HZO Da(B)IN)aln)g, &)
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Measurement of

B=z_+iys

the field measurement result obtained in the process of tele- Output
portation. This result is then applied to the two-mode tele- T Yo field
portation of a polarized photon, illustrating the possibility of /
using continuous-variable teleportation for the transfer of \ /

single photon gbits. D(B)

Il. TRANSFER OPERATOR % R %‘
Beam
splitter

Figure 1 shows the schematic sets of the quantum telepor- mput
tation according t¢4]. Alice transmits an unknown quantum field OPA
state|#), to Bob. Alice and Bob share Einstein-Podolsky-
Rosen(EPR beams in advance. The quantum state of the FIG. 1. Schematic representation of the quantum teleportation
EPR beams reads$,6] setup.
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wherebA(B) is a displacement operator acting on the mode
A with a displacement amplitude g8. The output state

|##(B))g conditioned by the measurement process may be
written as a projection of the initial product state onto the

eigenstatéB)a r,
[4(B))e=ar(Bl¥)alDr B

1-0° .
= n§=:0 a"[n)ga(nIDa(=B)|[¥)a. (4

™

|(B))g is not normalized, since the probability of obtaining
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the field measurement valugs is given by Py(8) ’\'Q:,\;.::l:

LD

W,
o Ve,
{.’.7:

= < oud B) | ¢out(ﬁ)>-

After Bob gets the information of the field measurement
value B from Alice, Bob applies a displacement to the output
state by mixing the coherent field of a local oscillator with o i
the output EPR beanB. The output state| Youl B))& FIG. 2. The probability distribution oP,(3) for the field mea-

~ . surement valugg=x_+iy, for q=1/2.
=Dg(B)|#(B))s may also be written as ! valug ¥+ 100G

_ 4 For simplicity, the suffixes for the modes are not explic-
T , 5
Vol ))e=To(B) ) ©) itly given. In general, this output state is quite different from

where 'T'q(ﬁ) is a transfer operator that represents all pro—the original one-photon mput' state.
cesses of the quantum teleportati@. In its diagonalized B represents a coherent field measurement performed on
form. it reads the input state. The probability distribution over field mea-

surement valueg for one-photon input states is given by

. 1-0°< .« .
TyB)=\——2 a"D(B)INsxnlD(-B). (6
n=0 Pq(ﬁ):<’pout(ﬂ)|wout(,8)>
Wheng—1, T,4(8) becomes similar to the equivalence op- =(1THBT«(B)I1)
eratorl except for a change of the mode frokto B, which 12
indicates a perfect teleportation with no modification to the - _qe—(l—qz)lﬁlz[(l_q2)2|,3|2+ g?]l. (®
input state. For general, the transfer operator g8=0 is ™

diagonal in the photon number states.

Ill. ONE-PHOTON-STATE TELEPORTATION Figure 2 shows the probability distributidd,(3) for g
=1/2. The circular symmetric distribution with a dip in the

In the experiment of4], a coherent state was transferred. middle and a maximum for amplitude §8|=1 is charac-

In this case, the output state is modified but is still a coherenferistic of the one-photon input state.
state[6]. In case of a one-photon input state, the output state  The properties of the output state may be investigated
1S experimentally by several kinds of detection setups. If Bob
. has a photon counting setup that may discriminate photon
1—q? A N numbers, he may obtain the photon statistics of the output
- nZO q"D(B)[n){n|D(—-pB)|1) state. The overall photon statistics of the output are obtained

by integrating overs,

To(B)1)=

1-9° ~ 2 ot
_ ngo g"D(B)|n)(n|D(—pB)a’|0)

aa
o A o= [ BlnIT(B)D)I
=\ a"D(B)n)(n|(@"+*) » ,
n=0 1+q(1-q\" 1+q
. =2 T) g/ O
xB(-p)|0) q
10 oo
=\V— ¢ 2D[(1-q)p] P4(n) is the probability of counting photons after the tele-
portation. Figure 3 shows the probability distribution owver
X[(1—9%)B*|0)+q|1)]. (7)  in the case ofj=1/2. The probability of detecting one pho-
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FIG. 3. The probability ofn-photon countingP,(n) for one-
photon-state teleportation in the casegef 1/2. FIG. 5. The probability ofn-photon countingP,(n) for one-
photon-state teleportation in the casegef 1/2. The thick solid line
ton is maximal and the probabilities of higher-photon num-showsPy;(5), the thin solid line show®,,(1,8), the dotted line
bers get less likely as photon number increases. showsP,,(0,8) and the dot-bar line showB,;(n=2,5).
The changes in photon number may be summarized in
terms of photon losa=0, successful photon transfer=1,  [P4(0)—0,Pq(n=2)—0], which indicates perfect telepor-

and photon gaim=2. Theq dependence of these probabili- tation. In the case of nonmaximally entangled states 1),
ties is given by the probabilities of zero-photon counting and more-than-one-

photon counting appear. Note that the probability of photon
1 gainn=2 is always greater than that of photon lossO0.
Py(0)= Z(l—qz), (10 In order to investigate the change in the photon number
given by Eq.(9) in more detail, we now derive the condi-
1 tional probability distributions oveg for the cases of zero-
Pq(1)= Z(1+q+q?+ ad), (11) photon, one-photon, and more-than-one-photon counting.
These probabiliies may be obtained froRy(n,p)

=|(n|T4(B)|1)|. The results read

1
Py(n=2)=7(2-a-q°. (12 12
Py(08)= ———e 29 (1-q? g2 (13
Since the input state is a one-photon state, (E#). gives the
fidelity of the teleportation. Figure 4 shows thelependence 1—¢? ,
of P4(0),P4(1),P4(n=2). In the case of a maximally en- Py(1,8)= e 2-9lBIT (1- %) B2+ 2],
tangled stated— 1), Bob may receive nothing but a one- (14)

photon statd P,(1)—1] and all other probabilities vanish
Pq(nzzvﬂ):Pq(IB)_Pq(OuB)_Pq(lnB)- (19

Figure 5 shows these different contributions to the total
probability distribution ovet 3| in case ofg=0.5. For high
values of| 3|, every probability vanishes. In th@=0 case,
we see that only the probability of obtaining a one-photon
output is nonzero. This means that the output of the EPR
beamB is already a one-photon state without any additional
displacement. In general, the photon number states are the

eigenstates oﬁ'q([g’=0), as can be seen from E¢p). A
measurement value g8=0 thus indicates that the output
beam photon number is equal to the input beam photon num-
ber. Note also that a low-field amplitude provides little infor-
mation about the phase of the teleported field. Therefore, the
lack of phase information in the input photon number state is
preserved in the teleportation process.

FIG. 4. The probability of zero photon, one photon, and more- In the region of|B|<1, the probability of obtaining a
than-one photon counting for one-photon-state teleportation. one-photon output is nearly constant and that of zero photon

012313-3



IDE, HOFMANN, KOBAYASHI, AND FURUSAWA PHYSICAL REVIEW A 65 012313

and more-than-one photon are increasing with the increase o p(q)
|B|. The increase of these two probabilities gives rise to the
peak of the total probability. The probability of photon loss
(n=0) and photon gainrn(=2) are crossing at arour|g|

=1. Below|B|=1, the probability of photon lossE0) is
greater than that of photon gain#2). Above|g|=1, the
probability of photon gainr{=2) is dominant. For high-field 0.6}
measurement resulig|> 1, the teleportation process gener-
ates more photons in the output. Sin@enay be considered 4 4
as a measurement of the coherent input field amplitude, this
result is similar to the correlation of the field measurement

and photon number discussed[if. 0.2y

IV. APPLICATION TO SINGLE-PHOTON POLARIZATION 02 W o 3 y

Since the polarization of the light field may be used to q
encoqle _Informatl_o_n using single p_hotons, the case _Of 2 FiG. 6. Theq dependence of the probabilities of the polarized
polarization-sensitive continuous-variable teleportation is OEhoton teleportation.
considerable interest. The results obtained for the single-
mode case may be applied to the teleportation of two polar-
ization modesH andV, by applying a separate transfer op-
erator to each mode. Note that this does not imply that the /1—q2 (-8 22)A
teleportationH and V has to be conducted separately. For = Te HTPDL(1-a)Bu]
example, the two-dimensional measurement amplitude

(Bn.Bv) could also be obtained by measuring the circular X[(1=0%)B5|0)u+al1)u]

polarization components By*iBy). The continuous-

variable teleportation of polarized photons therefore does not 1-9% 1 ) (By22)

require any previous knowledge of the input polarization and O\ — ¢ (=aAVT2D[ (1) By][0)y . (16)

the results obtained for successful transfers and for polariza-
tion flips may be applied directly to the teleportation of an
unknown photon polarization. , . This result describes all details of single-photon teleporta-

The output state of a one-photon state with polarization ion, including the information obtained from the measure-
may be written as a product of the one-photon teleportatiorln ’ 9

given in Eq.(7) and a vacuum teleportation, which is a spe-ment result By, By). In the following, however, we wil

cial case of the conventional coherent-state teleportation disc_once.ntrate on_the transmission errors induced by the tele-
cussed ir6]. The result reads portation. As will be discussed below, these results may be

expressed entirely in terms of the probabilitleg(n) given

-’l\-Hq(BH)-’I\-Vq(BV)|1>H|O>V tJ)ryq)E/g. (9) and the well-known coherent-state fidelity of (1
1-g2 The fidelity of the teleportation is the total chance of suc-

= > q"Du(Bu) M u(n|D (=B 1)y cessfully transmitting a photon with the correct polarization
T n=0 Puans- It is equal to the product of the probabilities for suc-
cessfully teleporting a single-photd,(1), and theprob-

1S e X ability of fully teleporting th
B Do — y of successfully teleporting the vacuum«1})/2 as
- mE:O a™Dy(Bv)IMyAm[Dy(— By)|0)y given by

Ptra.ns(q):f dZIBH|H<1|THq(:8H)|1>H|2j d2:8V|V<O|TVq(:8V)|O>V|2

:Pq(l) l+gq
T2

1+gq 2 1+q2
— ) 5 17

The total chance of a polarization flip while preserving the total photon number of Rge is equal to
the product of the probabilities for a vacuum output in a one-photon teleporgi@), and thereverse situation where the

vacuum input produces a one-photon output. Sl‘ﬁ(,‘:(eB) is Hermitian, however, these two probabilities are equal and the
result reads
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Pﬂip(q):f dZIBH|H<O|THq(:8H)|1>H|2f dZIGV|V<1|TVq(ﬁV)|O>V|2

=P ,(0) =P, (0)

3 ( 1+ q) 21-4%
12 2
Finally, there are also probabilities for changes in the total photon number. The chance of obtaining ndPphgterequal

to the product of the probabilities for a vacuum output in a one-photon telepori{@), and for thesuccessful teleportation
of the vacuum given by the coherent-state fidelity-d)/2,

(18)

Pzero(q):jdzﬁH|H<0|THq(ﬁH)|l>H|2j dZﬁV|V<O|TVq(ﬁV)|O>V|2

=P, (0) Cl+g
-1

1+¢\21—¢g
:(T) = (19

The total chance of obtaining more than one photon in thes =P ../ (Pyanst Pyip). This fidelity is already 2/3 afy

output may then be obtained by =0 and reaches 10/11 gt=1/2. While such postselection
may be difficult to realize due to the limited quantum effi-
Pn=2(9) =1~ Pip(d) ~ Pyrand Q) ~ Pzerd @) ciency and saturation characteristics of conventional photon-
1+q\25—4q+ 39> detectors, it illustrates how well the polarization property
=1-{— ) 7 (20 itself is preserved in the continuous-variable teleportation.

Figure (6) shows theq dependence of the above probabili- V. CONCLUSION

ties. The fidelity P,ns increases with increasing entangle-  The properties of continuous-variable teleportation of
mentq, while the probabilities of the various error sourcessingle-photon states have been investigated. The difference
decreasePy,,s exceeds 1/2 around~0.7 and 2/3 around between the input state and the output state is due to the
g~0.8, illustrating that the entanglement requirements fomonmaximal entanglement in the EPR beams shared by Alice
high-fidelity single-photon transfers could be fulfilled using and Bob. The field measurement conditions the output state.
the best squeezing sources presently available. The dominaearly zero values of the field measurement tend to preserve
source of error is the chance of generating additional photonthe initial one-photon input state because the eigenstates of
Pn=2, While the probability of flipping a polarizatioRy;, is  the field measurement are close to a photon number states. In
always significantly lower than all the other probabilities. the intermediate range of field measurement values, photon
Therefore, the photon loss and gain processes are a moless and photon gain processes occur during teleportation. At
serious problem than the flip of a polarization for the trans-high values of the field measurement, the probability of pho-
mission of the qubit. ton gain is dominant, corresponding to the high amplitude

It is interesting to compare this type of error with the observed. An application of this analysis to the teleportation
postselection problems inherent in the previously realizedf a polarized photon shows that the photon loss and gain
teleportation by entangled photon pdig3 using coincidence processes are a more serious problem than the polarization
counting as a trigger. In particular, the fidelity of continuous-flips. The results imply that unconditional continuous-
variable teleportation may also be increased by postselectingariable teleportation of single-photon polarization could be
the one-photon outputs, eliminating the multiphoton andconsidered an alternative to the postselected schéines-
photon-loss errors. The conditional fidelity is now given bying entangled photon pairs.
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